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gωρpi reexamined
M. Lublinsky∗
Department of Physics, Technion – Israel Institute of Technology, Haifa 32000, Israel
The transition constant for the hadronic decay ω → ρpi is investigated by
means of QCD sum rules in external axial field. The obtained value for gωρpi
is about 16 GeV−1 that is in a good agreement with experimental data.
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I. INTRODUCTION
During last several years, there was a significant increase in the interest in the low energy
QCD and in understanding the low energy hadron dynamics. This happened both due to the
theoretical progress and to the availability of new experimental data. However, the problem
of understanding the low energy properties of hadrons is still far from being solved, due to
the need to understand the nonperturbative QCD effects that govern the hadron dynamics.
The QCD sum rules, first suggested by Shifman, Vainshtein and Zakharov [1] (see also
Ref. [2] for an extensive review), historically are one of the most effective tools used to study
the low energy properties of hadrons. The method was successfully applied to numerous low
energy problems, such as the determination of the mass spectrum of the low-lying resonances,
of the form-factors etc.
The goal of the present note is to use QCD sum rules in order to calculate the ω → ρπ
transition constant. Let us recall that this constant is defined [3] by the equation:
Mω→ρpi = gωρpiǫijαβp
ip′jeαωeβρ (1.1)
HereM is the invariant amplitude for the ω → ρπ transition, p, eω and p′, eρ denote momenta
and polarisations of ω and ρ. Experimental value for gωρpi is about 14± 2 Gev −1. Within
the framework of QCD sum rules, gωρpi was already considered several times [3–8]. The results
obtained in Ref. [3–5] varied from 17 Gev−1 to 15 Gev −1, that were in an agreement with
the experimental data up to 20% - 30% - the usual error of the method. Ref [6] gives for
this constant 9 Gev −1 that contradicts both the previous calculations and the experimental
data. The authors of Ref. [7] present two results. The first one supports calculations of Ref.
[6]. In order to obtain the second result they modified sum rules incorporating the ABJ
axial anomaly and finally gωρpi was estimated as 16 Gev
−1. In Ref. [8], the light cone sum
rule method was used to determine a wave-function of π meson. The results gave 15 Gev
−1 for gωρpi. Some uncertainty in predictions and a significant mismatch between results of
Ref. [6] and the other obtained results have drawn us to reconsider gωρpi.
In this note we calculate gωρpi using the QCD sum rules for the polarisation operator
in external axial field. This method was first discovered in Ref [9] and since was used
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to determine the magnetic moments of baryons [9], axial coupling constants and electro-
magnetic form-factors of nucleons [10–12] at low momenta transfer, to study D0 → Dγ,Dn
transitions [13], etc.
The main advantage of this method is that it permits one to work directly in the region
of small momenta transfer (by paying the price of introducing new condensates, see below).
Note that this is exactly the case at hand: the masses of ω and ρ are almost equal, hence
the momentum of virtual π meson is expected to be small.
The structure of the paper is as follows. In Sec. 2 we shortly remind the reader the basics
of QCD sum rules method in external field. Sec. 3 is devoted to the main calculations and
in the Sec. 4 we give the conclusions.
II. EXTERNAL FIELD METHOD
Let us review in short the QCD sum rules for polarisation operator in external field.
We start with the polarisation operator:
ΠµνA (p, q) = −
∫
d4xe−ipx〈jµω(x)jνρ (0)〉A (2.1)
Here jµω , j
ν
ρ are the quark currents that create ω
0 and ρ0 mesons:
jµω =
1
6
(u¯γµu+ d¯γµd)
(2.2)
jνρ =
1
2
(u¯γνu− d¯γνd)
The index A means that we consider this correlator in the external axial field A(x) =
Ae−iqx that corresponds to the following term in the Lagrangian:
LA = −1
2
∫
d4ye−iqyjλ5Aλ (2.3)
Here q is the external field momentum and jλ5 is the quark current that creates pion:
jλ5 =
1
2
(u¯γλγ5u− d¯γλγ5d) (2.4)
The expression (2.1) contains, generally speaking, terms of different powers in Aα. We shall
be interested here in the terms linear in A only. They appear both when considering the
propagator of the quarks in the external field and when taking into account the interaction
of the external field with the quark condensate. Moreover, as it is explained below, it is
enough to carry the actual calculations for the case qα = 0, i.e. for the case of constant
external field. In the latter case, in the approximation linear in Aα, the quark propagator
in the x representation is the following:
SA(x) = − xˆ
2π2x4
− i(Ax)xˆγ5
2π2x4
(2.5)
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The terms in the operator expansion which correspond to the nonperturbative interaction of
the quarks with the axial field have been obtained in Ref. [10] and have the following form:
〈: ψ¯ψ :〉A = δab f
2
pi
12
Aˆγ5 + iδ
ab 〈: ψ¯ψ :〉
3223
(xˆAˆ− Aˆxˆ)γ5
− δabm21
f 2pi
63
(
5
2
x3(Aγ5)− (Ax)xˆγ5) (2.6)
Here, fpi = 135 Mev, 〈: ψ¯ψ :〉 = −(240 Mev)3, m21 = 0.2 Gev2 is the parameter of the
matrix element:
〈0|gsu¯G˜iµν(λi/2)γνd|π〉 = im21fpiqµ
which is defined in Ref. [14], and G˜iµν is the dual tensor of the gluon field strength. By
means of expressions (2.5), (2.6), and using the technique developed in Ref. [9,10], we are
able to determine the polarisation operator ΠµνA (p, q) in the region p′2, p2 ∼ −1 Gev2. The
actual calculation is carried through using the Wilson operator product expansion (OPE)
and taking into account several first low dimensional operators:
γµ(x)γν(0) =
∑
Cn(x
2)On(0),
where Cn(x
2) are coefficient functions.
In order to extract pion pole from the amplitude (1.1) we have to manage the case of
small, but nonzero q. It was suggested in Ref. [13] that in the case of small but nonzero q,
one may perform the calculation of the polarisation operator for q = 0 and then, in the final
expression, make the substitution:
Aα → (gαλ − qαq
λ
q2
)Aλ (2.7)
The calculation of the polarisation operator (2.1) by means of OPE gives the right-hand,
theoretical part of the sum rule. On the other side, the polarisation operator satisfies the
dispersion relations, which we shall saturate by the contribution of the intermediate states.
The dispersion relations are:
f(Q2) =
∫
∞
0
ρ(s)ds
(s+Q2)2
+
∫
∞
0
ρ1(s)ds
s+Q2
Q2 = −p2 (2.8)
where ρ(s) is the contribution in (2.1) of the diagonal transitions corresponding to the
diagram (Fig. 1), ρ1(s) is the contribution of the non-diagonal transitions (Fig. 2). f(Q
2)
denotes the structure function of the polarisation operator ΠµνA that we use for the calculation
of gωρpi.
After saturating (2.8) by resonances, taking into account ω, ρ resonance contributions
explicitly, and taking care of higher exited states using continuum model [15], we obtain the
phenomenological, left-hand part of the sum rule.
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III. SUM RULE
Apply now the ideas discussed above to the ω → ρπ transition.
To begin with, consider the phenomenological part. We saturate the currents (2.2), (2.4)
by the physical resonances and define the residues:
〈0|jµω|ω〉 =
m2ω
gω
eµω
〈0|jνρ |ρ〉 =
m2ρ
gρ
eνρ (3.1)
〈0|jλ5 |π〉 = −i
fpi√
2
qλ
Here, mω, gω and mρ, gρ denote masses and form-factors of ω and ρ mesons. fpi and q are
the form-factor of π meson in chiral limit and its momentum.
The linear (in A) part of the polarisation operator ΠµνA (p, q) is proportional to the in-
variant amplitude (1.1) and is given by:
ΠµνA (p, q) = M
〈0|jλ5 |π〉Aλ
q2
〈0|jµω|ω〉
(p2 −m2ω)
〈0|jνρ |ρ〉
(p′2 −m2ρ)
+ ... (3.2)
p′ = p+ q
The ... denote contributions of other exited states and “parasitic” non-diagonal pieces.
Taking limit q → 0 and substituting (1.1) and (3.1), into (3.2) we arrive to the expression
for Πµν(p, q):
ΠµνA (p, q) = −igωρpi
m2ρm
2
ω√
2gρgω
fpi
(p2 −m2ρ)2
qλAλ
q2
ǫµναβq
αpβ (3.3)
In order to obtain (3.3) we used the well-known expression
〈eαeβ〉 = gαβ − p
αpβ
p2
for the density matrix, we took into account mω ≈ mρ, and we have written explicitly the
contribution of the ω → ρ transition only. We need to consider the sum rule for the following
structure:
qλAλ
q2
ǫµναβq
αpβ (3.4)
In the subsequent calculations of OPE we keep only the terms that contain the structure
(3.4).
Let us now turn to the left, theoretical part. We restrict ourselves to the operators of
dimensions d ≤ 5 only.
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Consider the unit operator, first. Its contribution is given by one diagram of zero order in
αs (Fig. 3) and six diagrams of the first order in αs (Fig. 4).
The explicit calculation of the expression corresponding to the (Fig. 3) gives zero.
Since the contribution of zero order to the unit operator I vanishes, the αs corrections
to this operator are taken into account. We shall do it because the contribution of this
operator is potentially the leading one and even αs corrections due to the unit operator may
give large contribution to the sum rule. The αs corrections are given by diagrams of Fig.
4 and contain one gluon exchange. We calculate the expressions corresponding to all six
diagrams (Fig. 4) at zero momenta transfer. Subsequently, we perform the substitution (2.7)
and retain only the terms containing the structure (3.4). The contribution of each diagram
has the same structure:
− φi g
2
(4π)4
log[
p2
4πµ2
]
qλAλ
q2
ǫµναβq
αpβ (3.5)
αs =
g2
(4π)
The obtained numerical factors φi’s are listed below:
φa + φb = −i16
3
; φc = i
16
9
;
φd = i
4
9
; φe + φf = i
56
9
;
The appearance of the log term, of course, does not surprise. What is less obvious is a
complete cancellation of all infrared divergencies that occur in the mass-less limit we are
working in. This remarkable fact signifies the existence of OPE and the fact that long and
short distances are separated indeed. Taking the sum, we obtain that the contribution of
the unit operator to OPE is given by:
− i 28
9(4π)3
αs(p
2) log[
p2
4πµ2
]
qλAλ
q2
ǫµναβq
αpβ (3.6)
Here the running coupling constant αs(p
2) is given by:
αs(p
2) =
4π
9 log[ p
2
Λ2
]
(3.7)
Λ denotes the cutoff of QCD and is taken to be 0.2 Gev.
Next, let us calculate the power corrections to the sum rule. We take into account 〈: ψ¯ψ :〉
and 〈: ψ¯ψ :〉A condensates only. The contributions due to 〈: GG :〉, 〈: GG :〉A, 〈: ψ¯Gψ :〉,
〈: ψ¯Gψ :〉A are negligible and the operators with d ≥ 6 are omitted as well. We work in the
leading order in αs.
The power corrections are given by the diagrams of the Fig. 5, Fig. 6.
Odd number of γ matrices entering into the expression for the diagram Fig. 5 forces it
to be zero.
5
The expression corresponding to the diagram Fig. 6 looks like:
〈: ψb(0)ψ¯a(x) :〉AγµS0(x)γνδab
−S0(x)γµ〈: ψa(x)ψ¯b(0) :〉Aγνδab
Here S0 denote the standard quark propagator in x representation. We use (2.6) for
the condensates. Performing the substitution (2.7) and retaining only terms containing the
structure (3.4) we obtain the condensate contribution to OPE. It has the form:
i[
f 2pi
3p2
− 5
27
m21f
2
pi
p4
]
qλAλ
q2
ǫµναβq
αpβ (3.8)
Now in order to obtain the desired expression for gωρpi it is a good time to consider the
sum rule. On the left hand side we have the expression (3.3), while (3.6) + (3.8) stands on
the right hand side.
The obtained sum rule reads:
gωρpi
m2ρm
2
ω√
2gρgω
fpi
(p2 −m2ρ)2
+ ...
=
5
27
m21f
2
pi
p4
− f
2
pi
3p2
+
28
9(4π)3
αs(p
2) log[p2/4πµ2] (3.9)
In order to suppress the contributions of higher resonances it is essential to perform
the Borel transformation [1]. We introduce the continuum threshold S0 in a standard way
and transfer the continuum contribution into the theoretical part of the sum rule. The
integration in the dispersion representation of the unit operator is cut to the integral from
0 to S0. (Other diagrams have no imaginary part).
Finally, we take into account the anomalous dimensions of the operators [16] and obtain
the following sum rule:
[gωρpi + CM
2]
fpim
2
ρm
2
ω√
2gρgω
e−
m2ρ
M2 =
5
27
m21f
2
piL
γ +
f 2pi
3
M2
+
28
9(4π)3
αs(M
2)M4(1− e−S0/M2) (3.10)
The piece proportional to C takes into account the non-diagonal transitions given by Fig.
2. Here
L = log[M
2/Λ2]
log[µ2/Λ2]
; γ = −4/9; µ = 0.5 Gev.
For m2ρ and the form-factors the following values are taken:
m2ρ = 0.59 Gev
2; 4pi
gρ
= 0.41; 4pi
gω
= 0.046.
We analyse the obtained sum rule. We find the region of stability, where the contribution
of the continuum is less than 30%. In order to have a right hierarchy of the power corrections
we look for a region, where the first term of the right-hand side of (3.10) is also less than
30%.
In order to extract gωρpi from the obtained sum rule, we transform the equation (3.10)
and plot the function R(M2, S0) = gωρpi + CM
2 for various values of S0. The desired value
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for gωρpi is given by the point where the straight lines asymptotically cross the y-axis (Fig.
7). Investigating the graph Fig. 7 we see that the region of stability begins at M2 ≃ 1.2
Gev2. The determined value for gωρpi:
gωρpi ∼ 16 Gev −1.
The inaccuracy of the obtained value is about 10%. The result does not change signif-
icantly with the variation of S0 that implies an insensitivity to the continuum threshold.
Note also that the αs corrections seem to be unimportant and the main contribution to the
sum rule comes from the condensate terms.
IV. CONCLUSIONS
In the present work we investigated the constant of the ω → ρπ transition by means
of the QCD sum rules in external field. As was expected, at small momentum transfer
the method of external field works perfectly and provides us with a reliable answer. No
instability of the sum rules has occurred. The stability region and the optimal value for the
parameter of continuum almost coincide with the values, which were used to determine the
mass of ρ meson [1].
The obtained value for gωρpi is about 16 Gev
−1 with the relative error of about 10%.
Our result is in a good agreement with the experimental data, confirms the calculations of
[3–5,7] and disproves the results of Ref. [6].
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FIG. 1. The ω → ρ transition in the presence of external field.
FIG. 2. The parasitic contributions to the ω → ρ transition.
FIG. 3. Contribution of the unit operator to the polarisation operator, of zero order in αs.
FIG. 4. Contribution of the unit operator to the polarisation operator, of the first order in αs.
FIG. 5. 〈: ψ¯ψ :〉 contribution to the polarisation operator.
FIG. 6. 〈: ψ¯ψ :〉A contribution to the polarisation operator.
FIG. 7. The value for gωρpi from the sum rule. The cluster of the six curves corresponds to the
values of S0 from 0 to 2.5. The outstanding curve corresponds to S0 →∞.
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